This paper develops a novel form of a well-known signal processing technique, so as to be applicable to the interaction between a heavy truck and a supporting bridge structure.
INTRODUCTION
In this paper we consider the dynamics of a heavy truck moving over a bridge structure. Although this is a much studied problem [1] [2] [3] [4] , there are gaps in the literature from the perspective of signal processing; specifically there is currently no practical technique to test whether a measured structural response is adequately explained by the force time-histories of an individual vehicle estimated for multiple axle loads [4] . This is important for structural health monitoring which is based on a presumed knowledge of the input forces [1, 2] . Assuming the bridge responds linearly to the applied loads, this may be addressed by evaluating the coherency of the input and output signals; but, given the continuous nature of the bridge structure, plus excitations arising from moving dynamic loads, it is not obvious how suitable coherency measures should be defined.
There are other challenges implicit in the problem, especially when the duration of forcing input For a truck moving over a bridge with an uneven road surface, the vehicle-structure interaction involves the dynamic wheel loads causing bridge to deflect vertically, which in turn influences the dynamic inputs to the vehicle suspension. Note that the dynamic loads at the interface may differ considerably from the static loads exerted by the vehicle when it is at rest or in the absence of road unevenness [2] . It is therefore of considerable interest for the purposes of design, analysis and monitoring of bridge structures to have a sufficiently accurate estimate of the dynamic forces [1, 3, 4] . However, accurate direct measurement of such forces using sensors mounted close to the vehicle-structure interface such as on the tyre is inherently difficult and currently infeasible for widespread use [5, 6] . Instead, indirect methods for estimation of the vehicle loads have been established [7] [8] [9] [10] [11] [12] . These involve vehicle-mounted sensors such as accelerometers which, together with simple dynamic models and signal processing, provide indirect estimates of the dynamic loads.
In simulation it is possible to evaluate estimator performance by comparing the 'actual' forces exerted at the interface, but in physical experiments no such reference exists. To address this, the aim is to analyze the problem from both sides of the vehicle-structure interface. We note that previous efforts have been made to estimate dynamic loading purely based on the structural response [13] [14] [15] . However, such methods are unduly dependent on knowing an accurate model of the structure, and do not offer any independent measure of validation. This paper develops and validates the coherency analysis using high-fidelity simulations of the vehicle-structure interaction [16] [17] and tests the coherency performance of a number of truck-based load estimators, including Kalman filters [18] . There are two critical challenges in the determination of input-output coherency in this situation. First, the vertical tyre loads are moving over a continuous structure; from the perspective of the structure the dynamic input is a function of both position and time, i.e. the problem is strongly multi-input-multi-output. Secondly, for the bridge structure considered, the truck is only in contact with the flexible bridge structure for a few seconds. Even for a fixed load, such a small data set proves to be insufficient for conventional coherency analysis based on Fourier transforms and cross-spectral density estimates. Also, considering the low structural damping of the bridge, the method fails to provide any reliable or repeatable measure of inputoutput coherency.
In the new analysis, assumed modes are used, derived from the eigenvectors of a linearized bridge model. The complex eigenvalues are then estimated by a form of system identification, resolving estimated forces and structural responses according to the assumed eigenvectors and performing parameter estimation from the input-output data. A frequencyindependent modal coherency measure is defined which has properties similar to that of the classical coherency measure. Further, a measure of pooled coherency is defined, based on the individual modal coherencies. This measure indicates the coherency across a number of modes of the structure, each corresponding to a separate natural frequency. It is shown that under certain idealized conditions the modal estimates will match the frequency-averaged classical coherency.
The performance of the defined measures is extensively tested in simulation by introducing corrupting noise for both vehicle loads and bridge responses. Although real vehicle sensor values are available from field testing, corresponding bridge response data are as yet unavailable. While further field testing needs to be carried out to obtain this data, the available data are used in conjunction with a Kalman filter to obtain realistic force estimates. Both of the coherency measures are further tested by combining the experimentally determined forces and simulated The focus of this paper is on method development, and further experimental data are needed to validate the functionality of the approach across the range of existing physical bridge structures. It may be that the same approach will be applicable to the dynamics of trains on flexibly supported tracks [19] [20] . Here we will limit analysis to a finite element model of a particular bridge structure where modal properties are known.
MOTIVATION

Classical measure of coherency
Let ‫ݑ‬ be the true input signal to a linear time invariant system corrupted by noise ݉ and let ‫ݒ‬ be the true output corrupted by noise ݊. Let ‫ݔ‬ be the estimated input signal and ‫ݕ‬ the measured output signal.
‫ݔ‬ሺ‫ݐ‬ሻ ൌ ‫ݑ‬ሺ‫ݐ‬ሻ ݉ሺ‫ݐ‬ሻ ; ‫ݕ‬ሺ‫ݐ‬ሻ ൌ ‫ݒ‬ሺ‫ݐ‬ሻ ݊ሺ‫ݐ‬ሻ
(1)
Assuming that the noise signals are uncorrelated with the signals, the squared coherency between the signals ‫ݔ‬ and ‫ݕ‬ is defined as [21] :
where ‫ܩ‬ ௫௬ ሺ݂ሻ is the cross spectral density between ‫ݔ‬ and ‫;ݕ‬ ‫ܩ‬ ௫௫ and ‫ܩ‬ ௬௬ are the autospectral density of ‫ݔ‬ and ‫ݕ‬ respectively. Further, ߙሺ݂) and ߚሺ݂ሻ are the input and output noise to signal ratios (NSR) defined as the following: 
Limitations of FFT based estimation
It may be seen that the classical coherence measure ߛ ௫௬ ଶ ሺ݂ሻ is an indicator of how precisely the measured outputs are explained by the estimated inputs applied to a linear system. In case of a perfectly linear system, with no input and output noise, (ߙሺ݂ሻ ൌ ߚሺ݂ሻ ൌ 0ሻ this value equals 1; it drops towards 0 as the noise to signal ratios increase, and is also reduced in the presence of nonlinearities.
In practice, an estimate of this measure, ߛ ො ௫௬ ଶ ሺ݂ሻ, is obtained by estimating the power should approximate this across all frequencies. It is seen that in Figure 1 (a), when the damping of the system is relatively high and the settling time low compared to the window length, the estimation process performs well. However, the performance is degraded in Figure 1 (b) when the damping is reduced and the settling time increases to beyond the window length. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
METHODS
Proposed modal squared coherency
The limitations of ߛ ො ௫௬ ଶ make it inapplicable to the dynamic interaction of a vehicle on a short bridge, which possesses several low-frequency modes which are lightly damped. It might be that a longer time window, or synthesis of data from multiple runs could be used to compensate.
However, such tests are unlikely to be feasible, and will probably require closing the structure to all traffic but the test vehicle. Thus, to retain the useful properties of the squared coherency function while taking account of the special circumstances mentioned, we propose a new coherency measure and a method of estimating it. In the context of vehicle-structure interaction, we assume a linear structure and a corresponding set of modes with known mode-shapes. Each mode has a modal force as input and a modal response as output which might be obtained through resolution of estimated tyre loads and measured bridge response using knowledge of mode-shapes by techniques described later.
The modal squared coherency measure is to be based on time responses resolved into a set of assumed modes of the bridge structure; it is defined for mode i as:
where ‫ݕ‬ represents the actual response (displacement, velocity or acceleration) in mode ݅ and ‫ݕ‬ ො is the corresponding estimated output based on the resolved forcing input ‫.ݔ‬ In this, ‫ݕ‬ ො is obtained by system identification of the modal transfer function ‫ܪ‬ , representing a second-order LTI system -see Figure 2 . Parameter identification follows by choosing the estimated modal damping ratio and natural frequency to minimize the RMS error between the measured and estimated modal responses, i.e. 
For ߬ ൌ 0 this reduces to
Assuming (i) uncorrelated noise and signals, (ii) wide-sense stationarity (i.e. the true mean and co-variance of the signals do not change with respect to time) and (iii) ‫ܪ‬ ሺ݂ሻ to be a linear system (of course this is implicit in the transfer function model), we have
Also,
Thus, Hence in this special case, ߛ , ଶ matches the classical definition ߛ ௫௬ ଶ in equation (2) . And while ߛ , ଶ requires additional information (i.e. mode-shape data), it does not suffer from the drawbacks of ߛ ො ௫௬ ଶ estimation. The system identification step allows us to work with a limited set of data points, and there is only one frequency independent value of squared coherency obtained for each mode, clearly indicating how well the estimated inputs explain the measured outputs at We now test the performance of ߛ , ଶ for a single mode in a case where the input and output signals are suitably sparse. Figure 3 shows the variation in modal coherency for a mode with a natural frequency of 1.59 Hz, damping ratio of 0.05 and the consequent settling time of 8s.
The signals used for estimation are 5 s in length, sampled at 40 Hz, so the signals are sparser than those used in the FFT based estimate of Figure 1 . Here ߛ , ଶ is reliably estimated to be 1 when noise is absent, and decreases monotonically with increasing noise to signal ratios as expected. It is also seen that the measure is more sensitive to input noise than to output noise, which is to be expected, due to the nature of system identification wherein input noise corrupts both the input and subsequently the estimated output, unlike output noise which corrupts only the measured output.
Optimization Routine
An objective function surface for a typical mode is shown in Figure 4 (a). The surface is given by the function ݂ሺߦ መ , ߱ ෝ , ሻ of equation (5). The red dot indicates the desired global minimum where ‫ݕ‬ ሺ‫ݐ‬ሻ is identically equal to ‫ݕ‬ ො ሺ‫ݐ‬ሻ and therefore ‫ܪ‬ equals ‫ܪ‬ exactly if there is no noise. It may be seen that the function is not globally convex, but it is locally so. Although, the detailed analysis of the initial conditions and parameters required for convergence of a routine for a general case are beyond the scope of this study, it may be reasoned that due to the nature of response of a second-order LTI system, the value of the objective function will increase only if the input has significant frequency content near ߱ ෝ , ,when ߱ ෝ , is far away from ߱ , ,which translates to convexity near the minima. Figure 4 (b) shows that addition of random input and output time It must be noted, that noise signals which are deterministic and arise due to errors in mode-shapes will affect the objective function differently than random signals. Thus, supplying highly inaccurate initial conditions or parameters to the system identification routine might also cause an artificial drop in the estimate due to non-convergence in certain modes. For the simulated results in the study, the initial values of ߱ ෝ , were selected in randomly from a region around ߱ , with a standard deviation of 5% of the value of ߱ , .
It may also be seen that the objective function does not have a strong dependence on the damping parameter ߦ መ . Thus, it is likely that the modal coherency will not be affected if the optimization is carried out for a single variable rather than for two. However, for the purposes of this study both ߦ መ and ߱ ෝ , were optimized.
Input Force Estimation
The modal input estimates for the coherency calculations are obtained from estimates of the time varying tyre forces of the truck as it moves over the bridge. A variety of methods might be used to estimate these spatio-temporal forces which arise out of the interaction of the truck and bridge.
For this study, the three methods shown in Figure 5 and described briefly below are primarily used for comparison of simulation results. For the purposes of obtaining force estimates from data gathered in field experiments, Kalman filter estimation, the most accurate of the three methods compared herein, is employed. Details of the methods have been published in a previous study by the authors and may be found in [24] . 
METHOD A: Static Force estimation
For this method, the forces acting on the bridge, are assumed to be the static tyre loads of the truck when it is at rest. No dynamic components are added, and the deflection of the bridge has no effect on the tyre load.
METHOD B: Quarter-Car estimation
The forces at each wheel are estimated individually by using wheel accelerations obtained either from simulation or measurement. The wheel-assembly is assumed to be a simple mass with the suspension and tyre represented by linear springs. This method captures some dynamics but fails to capture complex spatial interactions between forces at different tyres [24].
METHOD C:Kalman-Filter estimation
The tyres as well as the sprung masses are represented by using a pitch-plane model of the truck with 3 lumped axles and 7 degrees of freedom (DoF). The tyres at each axle are assumed to contribute equally to the axle force. Sprung mass linear and pitch velocities, tyre and suspension deflection and axle velocities are used as the states of the Kalman filter. The sensor measurements such as chassis or axle accelerations and suspension deflections which might be measured in the field or obtained from simulation are expressed as function of these states. The
Kalman filter procedure is then applied to the state space model to yield tyre forces which can also be expressed as a function of the states. This method has been shown to capture the spatial dynamics better and yield more accurate tyre force estimates in simulation [24].
Dealing with spatial dependency of inputs and outputs
As defined, ߛ , ଶ is calculated in the time-domain and defines coherency between input and output of a particular mode of a structure. However, the interaction between a vehicle and a structure is more complex than a simple input output relationship. Inputs from the wheels are received by the bridge at multiple points which vary with time as the vehicle moves across the bridge and the response of the bridge as a continuous structure cannot be defined as the response of a single point. To process the temporal and spatial dependencies of the inputs and response and obtain their modal components, we use the procedure illustrated in Figure 6 (a).
In this study, we use a reduced order linearized bridge model derived from an original FEM model of a highway bridge over I-275N in Michigan, USA [6] . The FEM model uses the nodal points shown as small red dots in Figure 6 Vehicle sensor data are also available from field tests of the real truck. The Kalman filter estimation process generates a forcing function based on this field data which serves as a more representative and realistic input to the coherency estimation process. Thus after using a suitable force estimation procedure on either real or simulated vehicle sensor data and performing spatial interpolation, the vector of estimated loading of the bridge ݂ መ is obtained at the nodes as a function of time [24] . The modal estimates of the forces ‫ݔ‬ are then obtained by using:
where V represents the i th eigen-mode of the linearized bridge model in the generalized coordinate space. ‫܄‬ ൌ ሾV ଵ V ଶ … V ሿ forms an orthonormal set such that ‫܄‬ ‫܄ۻ‬ ൌ ۷ , ۷ being the identity matrix and ‫ۻ‬ the mass matrix of the bridge. Here, ۱ is a transformation matrix from the generalized co-ordinate space to the nodal space such that the i th mode-shape may be represented in the nodal space as ۱V .
The measured nodal acceleration ‫ݓ‬ሷ ሺ‫ݐ‬ሻ or displacement ‫ݓ‬ሺ‫ݐ‬ሻ response of the bridge are similarly, also functions of both time and space and may be decomposed to modal space using the relation:
where ‫ݕ‬ is the modal response in mode i. ۱ ற is the pseudo-inverse of ۱ which maps the nodal responses to the space of generalized co-ordinates.
Obtaining modal responses from sensor values
In simulation it is possible to obtain the measured response of each nodal point on the bridge, thus making the transformation in equation (16) In this study, we concentrate on the more likely scenario wherein there are fewer sensors than modes. In this case, it is necessary to recover modal responses from sensors measuring displacement, while making further assumptions about the participating modes. Figure 7 , shows the RMS signal strength of the response in each mode of linearized bridge model when excited by wheel loads estimated from data obtained from actual runs of the truck on the bridge.
As seen in the Figure 7 , only a few global modes with low natural frequencies dominate the displacement response of the structure, as opposed to the acceleration response which possesses significant contributions from higher frequency modes as well. Hence, the problem of extracting modal responses using displacement data is far more tractable than one using acceleration sensor data. If ݇ sensors record the displacement at certain locations on the bridge, the nodal displacement ‫ݓ‬ሺ‫ݐ‬ሻ might be recovered as a linear combination of the p dominant modeshapes ۱V ଵ , ۱V ଶ , … , ۱V ሺ‫‬ ݇ሻ:
wherein the coefficients a ሺ‫ݐ‬ሻ; ݅ ൌ 1,2, … ‫‬ might be obtained by a least squares fit of the measured displacement sensor values sሺ‫ݐ‬ሻ as follows:
where the i-j th element of the matrix ‫܄‬ represents the value of the i th mode-shape (۱V ) at the location of the j th sensor. The modal displacements may then be obtained from ‫ݓ‬ሺ‫ݐ‬ሻ as per equation (16). In practice, the accuracy of the a 's obtained might be increased by first filtering sሺ‫ݐ‬ሻ to remove signal content that is much higher than the expected natural frequency of the p th mode. Hence, to obtain a cleaner result for coherency, in addition to FIR filtering, we completely remove signal content at low frequencies (below~1Hz) from both the input and output.
Pooled coherency
After, the inputs and outputs at different modes have been obtained it becomes possible to estimate a transfer function ‫ܪ‬ across each mode to generate the best fit estimates for modal responses ‫ݕ‬ ො and define modal coherency ߛ , ଶ . In addition, it is possible to capture the coherency across a set of modes. A pooled squared coherency may be defined as: 
RESULTS
Simulation Results assuming knowledge of nodal accelerations
The performance of three force estimators, Methods (A), (B) and(C) discussed in section 3. Table 1 gives the values of ߛ , ଶ using the three estimation procedures in each of the modes. It is seen that as more accurate estimation procedures are used, the responses in each mode become more accurate. As a consequence, the pooled coherency values increase as well (see Figure 8 caption).
Results from realistic force estimates and simulated sensor accelerations
Figures 9 and 10 show the performance of the Kalman filter estimation procedure for data collected from the field test of an instrumented truck on the actual bridge which was modeled.
Raw sensor data such vertical acceleration of the truck's tractor while it travels over the bridge As shown in Figure 11 , ߛ ,ସ ଶ is 0.981 in mode 4 which dominates the displacement response due to the filtered input forces. Although, the ߛ , ଶ value is lower for other modes, the contributions of these modes to the net dynamic displacement are comparatively much lower.
Hence, the overall coherence does not drop much, as evidenced by the value of ߛ ଶ which for this case is 0.973. estimates, the same Gaussian pseudo-random time-series with different amplitudes was used as noise in each case. As expected, we see a monotonic decrease in coherency with output noise.
CONCLUSIONS
In order to address specific demands of vehicle-structure interaction, new measures of modal and pooled squared coherency, ߛ , ଶ and ߛ ଶ , have been defined. These measures were motivated as a means of validating the accuracy of tyre load estimates in the absence of ground-truth knowledge of 'true' tyre loads. To calculate these coherency measures, tire loads should be estimated on the truck and measurements of bridge response at a set of sensor locations need to be made. In the above, both simulated and experimental tyre load estimates have been used.
However, for simplicity in this work, simulated bridge deflection have been used throughout; the emphasis here has been on methodology and developing analysis tools; a full experimental study is deferred to future work.
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